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Quantum limits on detection sensitivity of a linear detector with feedback
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We show that the detection sensitivity of a linear detector is lower bounded by some quantum
limits. For the force detection, relevant for atomic force microscopes, the lower bound is given
by the so-called ultimate quantum limit. For the displacement detection, relevant for detecting
gravitational waves, a generalized lower bound is obtained.
PACS numbers: 03.65.Ta, 04.80.Nn, 42.50.Lc, 42.50.Wk
I. INTRODUCTION
It is known that an optomechanical system, i.e., a me-
chanical oscillator coupled to an optical cavity by radia-
tion pressure, could be a sensitive detector for very weak
forces or tiny displacements. Some examples are atomic
force microscopes [1] and interferometers for detecting
gravitational waves [2]. For a typical optomechanical de-
tector, the detection sensitivity is lower bounded by the
so-called standard quantum limit (SQL) due to quantum
noises [3–5].
However, the SQL itself is not a fundamental quan-
tum limit. Different schemes to overcome the SQL have
been proposed, such as frequency dependent squeezing
(FDS) of the input beam [6, 7], cavity detuning (CD)
[8], variational measurement (VM) [9], quantum locking
of the mirror [10], coherent quantum noise cancelation
(CQNC) [11], and etc. It is shown in Ref. [12] that the
fundamental quantum limit for the force sensitivity of a
linear detector is given by the so-called ultimate quantum
limit (UQL) in Refs. [7, 8]. This UQL is related to the
dissipation mechanism of the oscillator, via the absolute
value of the imaginary part of the inverse mechanical sus-
ceptibility. It also holds for the cases with coherent quan-
tum control and/or with simple direct quantum feedback
[13, 14]. Now we try to extend the result in Ref. [12] to
the cases with more complicated quantum feedback loop,
such as quantum locking of the mirror via a control cavity
[10].
On the other hand, for the displacement sensitivity,
we find that the usual UQL, given by the absolute value
of the imaginary part of the mechanical susceptibility,
can be overcome by some devised schemes. Moreover, a
generalized quantum limit on the displacement sensitiv-
ity can be obtained following the similar arguments for
quantum limit on the force sensitivity.
The paper is organized as follows. In Section II, we
prove the UQL for the force sensitivity of a linear de-
tector in the presence of direct quantum feedback by us-
ing the general linear-response theory. The results are
then adjusted to establish a general quantum limit on
the displacement sensitivity. Section III contains some
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FIG. 1: Schematics of (a) a generic linear-response detector
and (b) an optomechanical detector. The outputs Y,Z from
the photodiodes are modulated by the local oscillator (LO)
phases.
illustrating examples for the above results. At last, a
short summary is given in Section IV.
II. DETECTION SENSITIVITY OF A LINEAR
DETECTOR WITH FEEDBACK
We consider a generic linear-response detector (see Fig.
1(a)). It is described by some unspecified Hamiltonian
Hd, and has both an input operator, represented by an
operator F , and an output operator, represented by an
operator Z. The detector is used to estimate a classi-
cal force f(t) applied on a mechanical oscillator, which is
represented by the Hamiltonian Hm. The input operator
F is coupled with the mechanical oscillator via the inter-
action Hamiltonian, Hint = −q(f + gF ), where q is the
displacement operator of the oscillator. The output oper-
ator Z (e.g., the output optical quadrature) is related to
the readout quantity at the output of the detector (e.g.,
the output current of the photodiode), from which the
2information of the classical force can be inferred.
The total Hamiltonian is given byH = Hm+Hd+Hint.
Treating Hint as the perturbation, an arbitrary operator
O in the Heisenberg picture is obtained by
O(t) = U†O0(t)U , U(t) = T e−i
∫
t
−∞
H0int(t)dt, (1)
where O0(t) denotes the operator in the interaction pic-
ture, and the symbol T means the time-ordered product.
For the linear operators q, F , and Z (with the c-number
commutators), Eq. (1) gives the equation of motion in
the frequency domain [10],
q = q0 + qf + gχqqF,
F = F0 + gχFF q,
Z = Z0 + gq, (2)
where qf = χqqf , and Z is the rescaled output opera-
tor via Z(ω) = χZF (ω)Z(ω). The susceptibility χO1O2
is defined by the c-number commutator, χO1O2(t) =
iθ(t)[O1(t), O2(0)].
Solving the first two equations and substituting into
the third one of Eq. (2), we have the output operator in
terms of the unperturbed operators,
Z = Z0 + g
q0 + qf + gχqqF0
1− g2χqqχFF . (3)
It then gives an unbias estimator qest of qf , qest = qf+ qˆf ,
where the added noise qˆf is
qˆf = q0 + gχqqF0 +
Z0
g
(1− g2χqqχFF ). (4)
Here the first term is the intrinsic mechanical noise, the
second term is the backaction noise from the oscillator,
and the third term is the shot noise at the output. Ne-
glecting the intrinsic mechanical noise from now on, the
force sensitivity can be characterized by the power spec-
trum Sqˆf qˆf defined by the correlation
1
2
〈O1(ω)O†2(ω′) +O†2(ω′)O1(ω)〉 = SO1O2δ(ω − ω′). (5)
Using the uncertainty relation for F0 and Z0, the opti-
mization of Sqˆf qˆf over the coupling strength g gives
Sqˆf qˆf ≥ |χIqq|, (6)
where χIqq is the imaginary part of the susceptibility
χqq = χ
R
qq + iχ
I
qq. Equivalently, the force sensitivity in
terms of f yields
Sf =
Sqˆf qˆf
|χqq|2 ≥ |χ¯
I
qq|, (7)
where χ¯qq = 1/χqq is the inverse mechanical susceptibil-
ity. This is the UQL for the force sensitivity.
The above result has incorporated the effect of coher-
ent quantum control [13], such as the CNQC scheme. As
for the direct quantum feedback control [14], a control
signal Y(t) is fed back to the system, see Fig. 1(a). For
a generic operator O, it introduces an additional term to
the equation of motion,
O˙fb(t) = i
∫ t
−∞
dt′λ˜(t− t′)Y(t′)[P(t), O(t)], (8)
where λ˜(t) is the feedback transfer function, P(t) is the
control operator. If the linear control operator P is of
the mechanical oscillator, [P , q] = const. and [P , F ] = 0.
In the frequency domain, we have qfb = λY , where λ is
the rescaled transfer function.
It has been shown in Ref. [12] that if the measured
signal is the same as the control signal fed back to the
system (Z = Y), the force sensitivity does not change.
On the other hand, if the measured signal is different
from the control signal (Z 6= Y), such as the cases of
quantum locking of the mirror, the equation of motion
becomes
q = q0 + qf + gχqqF + λY,
F = F0 + gχFF q,
Y = Y0 + gq,
Z = Z0 + gq. (9)
We find that
q =
q0 + qf + λY0 + gχqqF0
1− gλ− g2χqqχFF . (10)
The estimator of qf deduced from the measured signal Z
thus is qest = qf + qˆf with the added noise
qˆf = q0 + gχqqF0 + λY0 +
Z0
g
(1− gλ− g2χqqχFF ).(11)
We find that for Z = Y , the above equation reduces to
Eq. ().
To find a lower bound to the power spectrum of qˆf , we
first optimize Sqˆf qˆf over the transfer function λ and the
coupling strength g, respectively. This leads to
Sqˆf qˆf ≥
2(AχRqq +Bχ
I
qq + |χqq|
√
C)
SY Y + SZZ
, (12)
where the notations are
A = SRZFSY Y + S
R
Y FSZZ − χRFFSY Y SZZ
B = SIZFSY Y + S
I
Y FSZZ + χ
I
FFSY Y SZZ
C = [SFF (SY Y + SZZ) + |χFF |2SY Y SZZ
−(SIY F − SIZF )2 − (SRY F − SRZF )2
+2SY Y (χ
I
FFS
I
ZF − χRFFSRZF )
+2SZZ(χ
I
FFS
I
Y F − χRFFSRY F )]SY Y SZZ . (13)
Next, we note that [Y0(t), Y0(t
′)] = [Z0(t), Z0(t
′)] = 0 at
all times, in order for Y0(t) and Z0(t) to represent exper-
imental data strings. It immediately implies that χYY =
3χZZ = 0. Also, the causality principle imposes that the
outputs Y0(t) and Z0(t) should not depend on the input
F0(t
′) for t < t′, and therefore χFY (ω) = χFZ(ω) = 0.
Furthermore, Y0, Z0, and F0 should satisfy the uncer-
tainty relation [3, 12] implied by the positivity of the
matrix Mjk = Sjk ± i[χjk − χ∗kj ]/2 with the indexes
j, k = Y0, Z0, F0,
M =

 SY Y 0 SY F ± i/20 SZZ SZF ± i/2
S∗Y F ∓ i/2 S∗ZF ∓ i/2 SFF ∓ χIFF

 ≥ 0 (14)
or equivalently,
SFFSY Y SZZ ≥ SY Y + SZZ
4
± (SIZFSY Y + SIY FSZZ)
+ |SZF |2SY Y + |SY F |2SZZ ± χIFFSY Y SZZ . (15)
Here the relations χY F − χ∗FY = χZF − χ∗FZ = 1 and
Sjk = S
∗
kj have been used.
Substituting this inequality into Eq. (13), by some
calculations we find
C ≥ A2 +
(
B ± SY Y + SZZ
2
)2
= A2 +
(
|B|+ SY Y + SZZ
2
)2
. (16)
Then from Eq. (12), we finally obtain
Sqˆf qˆf ≥ |χIqq|, (17)
where the inequalities a1x1 +
√
(a21 + a
2
2)(x
2
1 + x
2
2) ≥
|a2x2| and |a| ≥ a have been used. The force sensitivity
Sf is then given by
Sf ≥ |χ¯Iqq|, (18)
which is the main result of this paper. Similar result
can be obtained if the control operator P is from the
detector. The UQL is thus established in the presence of
direct quantum feedback.
Now we show whether the displacement sensitivity Sq
is lower bounded by |χIqq|, namely, the usual UQL for
the displacement sensitivity. It is known that this UQL
is valid in the weak coupling limit and/or for a detector
with a large power gain [3, 5]. In general, the displace-
ment sensitivity is given by the power spectrum of the
estimator qest of q deduced from the measured signal Z,
qest = Z/g = q + qˆ, where the added noise is
qˆ =
qˆf
1− gλ− g2χqqχFF . (19)
Then we get
Sq = Sqˆqˆ =
Sqˆf qˆf
|1− gλ− g2χqqχFF |2
≥ |χ
I
qq|
|1− gλ− g2χqqχFF |2 , (20)
which can therefore overcome the UQL by properly ad-
justing the detector parameters to make the above de-
nominator larger than one, as illustrated in the subse-
quent examples. We also note that in the weak coupling
limit, the denominator is approximately equal to one, and
Eq. (20) reduces to the UQL.
III. CAVITY DETUNING AND QUANTUM
LOCKING OF THE MIRROR
To exemplify the results in the last section, we take the
optomechanical detector as an example. The optome-
chanical detector consists of a high quality Fabry-Perot
cavity, with a fixed transmissive mirror in front of the
cavity, and a moveable, perfectly reflecting mirror m at
the back (see Fig. 1(b)). The cavity field described by
the annihilation operator b = (b1 + ib2)/
√
2 with reso-
nant frequency ωb is fed with a driving laser βin. The
aim is to estimate a classical force f(t) acting on the
moveable mirror described by the annihilation operator
a = (q+ ip)/
√
2 with frequency Ω. In the rotating frame
at the frequency ω0 of the driving laser, the system is
described by the Hamiltonian,
H = Hm +Hd +Hint
= Ωa†a+ [∆b†b+ i
√
γ(βinb
† − β∗inb)]
−q[f + gom(b†b− 〈b†b〉)], (21)
where ∆ = ωb−ω0 is the cavity detuning, and gom is the
optomechanical coupling strength. Taking into account
the thermal noises, the equations of motion are given by
the quantum Langevin equations [15],
a˙ = −iΩa− Γ
2
a+ [f + gom(b
†b− 〈b†b〉)]/
√
2 +
√
Γain,
b˙ = −i∆b− γ
2
b+ igomqb+
√
γ(βin + bin), (22)
where Γ(γ) and ain(bin) are the decay rate and thermal
noise operator for the oscillator (cavity), respectively.
The noise correlations are given by 〈ain(t)a†in(t′)〉 =
(nth+1)δ(t− t′) and 〈bin(t)b†in(t′)〉 = δ(t− t′), where nth
is the thermal occupancy of the mechanical reservoir.
Under the condition of strong laser driving, we can
linearized Eq. (22) around the steady state, 〈a〉 = 0 and
〈b〉 = β = √γβin/(γ/2 + i∆), by splitting a → 〈a〉 + a
and b→ 〈b〉+ b. Neglecting the nonlinear terms, we have
x˙ = Ax+w, (23)
where the variables x = (q, p, b1, b2)
⊤, the input w =
(
√
Γqin, f +
√
Γpin,
√
γbin1 ,
√
γbin2 )
⊤, and the matrix
A =


−Γ2 Ω 0 0
−Ω −Γ2 g 0
0 0 − γ2 ∆
g 0 −∆ − γ2

 (24)
40.2 0.4 0.8 1.6
Ω
1
10
100
1000
S f
(a)
0.2 0.4 0.8 1.6
Ω
0.01
0.1
1
10
Sq
(b)
FIG. 2: Plots of the force sensitivity (a) and the displacement
sensitivity (b) with respect to the detection frequency for the
optomechanical detector. Grey: SQL; green: UQL; blue: de-
tuned cavity for γ = 2, g = 5, ∆ = −5, and tanφ = −1; red:
resonant cavity with feedback for g = g/2 = 1, φ = 0, (a)
γ = 5, tan θ = 2, and (b) γ = 2, θ = 0. Here the detection
sensitivities are optimized over the feedback transfer function
λ(ω). The common parameters are Ω = Γ = 0.1.
in terms of the effective optomechanical coupling
strength g =
√
2gomβ. The stability of this linearized
system is guaranteed by the requirement that the real
part of all the eigenvalues of A must be nonpositive. The
classical force is then estimated from the output current
Iout of a photodiode that is linearly proportional to a cer-
tain optical quadrature of the output field, Iout ∝ Z =
bout1 sinφ+b
out
2 cosφ, where the output field is obtained by
the input-output relation bout =
√
γb − bin, and φ is the
adjustable readout quadrature angle via the local oscilla-
tor phase. For the stationary state, Eq. (23) can be sim-
ply solved in the frequency domain. The corresponding
numerical results for the detection sensitivities are shown
in Fig. 2. It can be seen that for a detuned cavity, the
force sensitivity is lower bounded by the relevant UQL,
Sf ≥ |χ¯Iqq | = ωΓ/Ω with χqq = Ω
[
(Γ/2− iω)2 +Ω2]−1,
and the displacement sensitivity can overcome the corre-
sponding UQL, namely, Sq < |χIqq |.
For the displacement sensitivity, it is also found that
the usual UQL is still valid for a resonant cavity. Because
the susceptibility χFF ∝ ∆ with the operator F = b1
for the optomechanical detector, and the denominator in
Eq. (20) becomes unity for ∆ = 0. However, there is
another possibility to overcome the usual UQL for a res-
onant cavity with the help of quantum feedback (λ 6= 0),
such as quantum locking of the mirror. In this scheme,
the addition of a feedback loop is used to suppress ra-
diation pressure effects by freezing the motion of mir-
ror. The mirror motion is monitored by a feedback force
∝ Y = cout1 sin θ+ cout2 cos θ from another resonant cavity
made of the movable mirror m and a fixed transmissive,
reference mirror. The control system is governed by the
Hamiltonian,
Hc = i
√
γ(βcinc
† − βc ∗in c) + gomq(c†c− 〈c†c〉), (25)
where the control cavity field c with frequency ωc is in
resonance with the driving laser βcin, and takes the same
decay rate γ as the main cavity.
The linearized equations of motion take the same form
of Eq. (23), where
x = (q, p, b1, b2, c1, c2)
⊤,
A =


−Γ2 Ω 0 0 0 0
−Ω −Γ2 g 0 −g1 g2
0 0 − γ2 0 0 0
g 0 0 − γ2 0 0
0 0 0 0 − γ2 0−g 0 0 0 0 − γ2

 , (26)
w = (
√
Γqin, feff ,
√
γbin1 ,
√
γbin2 ,
√
γcin1 ,
√
γcin2 )
⊤
in terms of the effective force feff = f +
√
Γpin −
λ(cin1 sin θ + c
in
2 cos θ), the effective coupling strengthes
g = 2gomβin
√
2/γ, g = 2gomβ
c
in
√
2/γ, g1 = g −
λ
√
γ sin θ, and g2 = λ
√
γ cos θ. The detection sensi-
tivities obtained from the output current Iout ∝ Z =
bout1 sinφ+ b
out
2 cosφ are also plotted in Fig. 2. It shows
that for a resonant cavity with a feedback loop, the force
sensitivity is still lower bounded by the UQL, and the
displacement sensitivity can overcome the ususal UQL
by properly choosing detector parameters.
IV. CONCLUSION
We have proven the UQL for the force sensitivity of a
generic linear-response detector in the presence of direct
quantum feedback by using the general linear-response
theory. We have shown that the usual UQL for the
displacement sensitivity can be overcome by some de-
vised schemes. By adopting the arguments for the force
sensitivity, a generalized quantum limit is obtained for
the displacement sensitivity. To illustrate the utilities of
these quantum limits, we have taken a detuned cavity
and a resonant cavity with a feedback loop as two spe-
cific examples. We believe that our results show the ways
to improve the performance of high-sensitivity detection
schemes.
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